To obtain a simple description of a geometrically thin magnetic accretion disk, we apply the method of asymptotic expansion. For the first time we write a full set of stationary asymptotic approximation equations of a thin magnetic accretion disk. As the obtained equations cannot be solved without knowledge of the solutions at the disk surface, we combine the results from numerical simulations and from analytical equations to find a simple set of functional expressions describing the radial and vertical dependence of physical quantities in the disk. Except very close to the star, the functional form of the disk variables is quite similar in the HD and MHD cases, with the overall scale of density, and the vertical and radial velocity components modified by the stellar magnetic field.
INTRODUCTION
The gravitational infall of matter onto a rotating central object naturally leads to the formation a rotating accretion disk. The matter from the disk is fed inwards through the accretion column onto the magnetized central star. The first analytical solution for the accretion disk flows has been given in Shakura & Sunyaev (1973) , who also proposed a prescription for the viscosity coefficient (α times the pressure). In that α-disk model, and in many following works, the radial solution was obtained as an average over the disk thickness, with equations in the vertical direction separately solved to obtain a hydrostatic balance. Urpin (1984) has shown that the proper description of the accretion flow cannot be obtained by its height-averaged values. This follows from vertical gradients of the stress tensor, which cause the flow direction in the midplane of the disk to be opposite to that in the subsurface layers. This conclusion was upheld by the results in numerical simulations. A hydrodynamical (HD) solution of a steady axisymmetric, polytropic accretion disk in three dimensions has been given in Kluźniak & Kita (2000, hereafter KK00) ; the velocity field was found to exhibit backflow in the equatorial regions for all values of the viscosity parameter, α, greater than a certain critical value. The solution was extended nu-⋆ E-mail: miki@camk.edu.pl merically in Regev & Gitelman (2002) to the ideal equation of state with radiative losses.
We generalize the KK00 solution to the case of a magnetic disk. Since the solution inside the disk depends on details of the star-disk magnetospheric interaction, we cannot write separate solutions in the disk without knowing the global solution. From the obtained equations, only general conditions on the magneto-hydrodynamic (MHD) solution can be given.
In previous work the induction equation was solved assuming a prescibed velocity field in the disk, following from the HD disk solutions, e.g, the Shakura & Sunyaev (1973) in Naso & Miller (2010 , 2011 , or the KK00 solution in Naso et al. (2013) . Here we allow the magnetic field to influence the flow, in this sense we are self-consistently solving for the fluid velocity field.
To obtain magnetic solutions in numerical simulations, we use the HD solution from KK00 disk as an initial condition, adding a hydrostatic corona and the stellar magnetic field between the rotating stellar surface and the accretion disk. Results in our simulations were shown inČemeljić (2019), where we obtained quasi-stationary solutions with different stellar rotation rates, magnetic field strengths, and magnetic Prandtl numbers. Here we confront the disk solutions from such simulations with the requirements obtained from the analytical equations. To do this, we match the solutions in the disk with a set of expressions which best describe our numerical simulations. Figure 1 . Illustration of the reach of the inner, middle and outer disk regions in the case of Young Stellar Objects. In the inner disk region the disk is in the ideal MHD regime. The Ohmic resistivity adds to the viscous dissipation in the middle disk region, and in the outer disk other resistive terms prevail in the induction equation.
In the following, in §2 we present the equations which we are solving, and outline the results of the method of asymptotic approximation in §3. In §4 we present the quasistationary results of our numerical simulations, and find the expressions for the best matches to the numerical solutions. In §5 we compare the numerical solutions with the analytically obtained conditions, discussing the changes in our results with the different physical parameters in §6 and summarizing in §7. The Appendix gives a detailed derivation of the equations in the method of asymptotic approximation, and includes graphs of the solutions and matching functions in our numerical simulations.
RESISTIVE ACCRETION DISK IN STELLAR MAGNETIC FIELD
Following KK00, where the equations for the viscous, hydrodynamical case of the thin accretion disk were derived and solved in a systematic, term by term, expansion in the dimensionless thickness of the disk, we derive the equations for the magnetized, resistive accretion disk. In the asymptotic expansion we consider also, for the first time, the energy equation.
In the MHD case the obtained equations cannot be solved without knowledge of the solutions at the disk surface, and these, in turn, depend on the magnetic field interaction with the star through the star-disk magnetosphere. For this reason a numerical solution of the equations is necessary. Nonetheless, useful constraints can be obtained from the asymptotic expansion equations, and they suggest a functional form for various physical variables, allowing us to extract the radial and vertical dependence of the variables from the results of numerical simulations.
We are solving the viscous and resistive equations of magneto-hydrodynamics which are, in the cgs system of units:
∂ ρv ∂t
where ρ, P, v, B and η m are the density, pressure, velocity, magnetic field and the Ohmic resistivity, respectively. The termsĨ andτ are representing the unit tensor and the viscous stress tensor, respectively. We search for the quasi-stationary state solutions, assuming that all the heating is radiated away from the disk. For this reason, the dissipative viscous and resistive terms are not present in the energy equation. We still solve the equations in the non-ideal MHD regime, because of the viscous term in the momentum equation, and the Ohmic resistive term in the induction equation.
In our numerical simulations, we consider a part of the star-disk system close to a central object, with the physical domain reaching only into the middle region of the disk, shown in Fig. 1 , where only the Ohmic dissipation takes place, in addition to the viscous one. In the cases of different objects, those regions reach different physical distances. Here we present the case of Young Stellar Objects (YSOs), in which our disk reaches to R max < 0.5 AU. Inside 0.1 AU from the Young Stellar Object, the disk is in the ideal MHD regime, with the "frozen in" magnetic field inside the stardisk magnetosphere. To the distance of about 1 AU from the central YSO, the Ohmic resistivity is the largest contributor to the dissipation in the induction equation. Further away, the Hall resistive term becomes most important, and even further away from the central object, the ambipolar diffusion prevails.
The acceleration of gravity is g = −∇Φ g , and the gravitational potential of the star with mass M ⋆ is equal to Φ g = −GM ⋆ /R. The total energy density E = P/(γ − 1) + ρ 2 /2 + B 2 /(8π) and the electric current is given by the Ampere's law J = ∇ × B/(4π). We assume the ideal gas with the plasma adiabatic index γ = 5/3, corresponding to polytropic index n = 3/2.
To compare the magnitude of the different terms in the equations the equations have to be written in normalized units. The comparison allows a partial solution and this is done in the Appendix. In the following Section we summarize the results of this analytic approach.
THIN MAGNETIC ACCRETION DISK IN ASYMPTOTIC APPROXIMATION
In the asymptotic approximation, pioneered in the context of accretion disk by Regev (1983) , all the variables are written in the Taylor expansion, with the coefficient of expansion given by the characteristic ratio of disk height to the radius, ǫ =H/R << 1 (see KK00, and also Umurhan et al. (2006) for a general discussion of the asymptotic approximation. We can compare the terms of the same order in ǫ for each variable X, and then write the result as X = X 0 + ǫ X 1 + ǫ 2 X 2 + ǫ 3 X 3 + . . . . In the case of a viscous HD disk (B = 0), equations of the previous section could be solved inside the disk (KK00). When a stellar magnetic field is present, a solution in the disk cannot be separated from the star-disk magnetosphere, because of the connection of the magnetic field in the corona with the field in the disk. In addition, the solution in the magnetosphere can itself be complicated by the reconnection events and outflows, and a back-reaction from the disk.
For the reader's convenience, the Appendix gives a step-by-step example of the asymptotic approximation in the equation of continuity, together with a condensed derivation of the conditions that the solutions obtained from the zeroth, first and second order in ǫ should satisfy in the complete set of the viscous and resisitive MHD equations.
We give an outline of the results, obtained by the method of asymptotic approximation. In the magnetic case we can only obtain a general set of conditions that should be satisfied in a self-consistent solution. Later in the text we check if the results of our numerical simulations satisfy those conditions.
From the radial component of the momentum equation we readily obtain Ω 0 = 1/r 3/2 . This solution is valid equally in the HD and MHD cases.
As seen in the Appendix, the zeroth order magnetic field in the disk is a function of the radius alone. If we insert the B 0 = f (r) condition into the vertical component of the momentum equation in the zeroth order in ǫ (Eq. A17), we obtain the vertical hydrostatic equilibrium condition. It gives the same solution for the lowest order in ǫ for the density (see Eq. A18), pressure and the sound speed as were obtained in the purely HD solution. The difference from KK00 is that now the disk surface boundary condition is not vacuum, but a corona with the density ρ cd (r) at the disk interface. The zeroth order profile of density, pressure, and the sound speed are
Clearly, ρ 0 (r, h) = ρ cd (r). Far away from the star, where we expect a small effect of the magnetic field, solutions in the simulations should not differ much from the HD solutions. Closer to the star, the magnetic field influence increases and the change in results will be larger. Higher order terms in the MHD solution may differ from those of KK00.
We now list the main conditions on the solution obtained in the Appendix. Expanding the stationary and axisymmetric normalized analytical equations in the small parameter ǫ = H/R, with the assumed vertical symmetry accross the disk equatorial plane, we find:
RESULTS FROM NUMERICAL SIMULATIONS
Extensive umerical simulations with a KK00 disk as an initial condition were performed inČemeljić ( the spherical grid. The resolution is R × θ = (217 × 100) grid cells, in a logarithmically stretched radial grid and in a half of the meridional half-plane in a uniform grid θ = [0, π/2]. The viscosity and resistivity are parameterized by the Shakura & Sunyaev (1973) α-prescription as proportional to c 2 s /Ω K . For the magnetic field, a split-field method is used, so that we evolve in time only changes from the initial stellar magnetic field (Tanaka 1994; Powell et al. 1999) , with the constrained transport method used to maintain the ∇ · B = 0. Simulations were performed using the secondorder piecewise linear reconstruction and an approximate Roe solver. The second-order time-stepping (RK2) was employed.
Here we present the results in our HD and non-ideal MHD numerical simulations of a YSO, in the physical domain reaching 30 stellar radii, R max = 30R ⋆ , with the (anomalous 1 ) viscosity parameter α v = 1 and the mass accretion rate in the disk M 0 = 5×10 −7 M ⊙ /yr. The stellar rotation rate is taken to be Ω ⋆ = 0.2 Ω br , where Ω br is the equatorial mass-shedding limit rotation rate, equal to the Keplerian angular velocity for the star
In the Classical T-Tauri star case, the stellar mass is M ⋆ = 0.5M ⊙ , radius R ⋆ = 2R ⊙ , the Keplerian velocity at the stellar equator is K⋆ = 218 km/s and the stellar rotation period is P ⋆ = 2π/Ω ⋆ = 2.3 days. Then ρ d0 = 1.2 × 10 −10 g/cm 3 . In the magnetic case we add the stellar dipole field of B ⋆ = 500 G, and the resistivity parameter α m = 1, so that the magnetic Prandtl number P m = 2α v /(3α m ) = 0.67.
A table for rescaling to other types of objects is given iň Cemeljić (2019) where we performed a parameter study with the same set-up. We varied the stellar rotation rate, magnetic field strength and resistivity in the disk and compared the changes in results in dependence on those parameters.
We output the results along the z axis at two radial positions in the disk: in the middle of the radial domain, which 
⋆ Ω K⋆ . Bottom panel: the torque exerted on the stellar surface by the matter accreted from the disk, and by the wind (solid and dashed green lines, respectively) in units of
For the typical normalized gyration radius of a fully convective star we use k 2 = 0.2. Positive torque spins-up, and negative torque spins-down the star. Time is measured in the number of stellar rotations.
lies far behind the distance r m , where the viscous torque is vanishing 2 and closer to the star, just behind the corotation radius. We derive two sets of expressions along the vertical direction from those results, one at each distance from the star. Along the spherical radial direction, we output the results in the disk along a line near to the disk equator, and also along a line near to the disk surface. For each physical quantity, we verify if there is a unique solution throughout the disk.
Starting from the analytical solution as an initial condition in the simulations, we obtain a numerical solution. We then compare the quasi-stationary solutions in both the HD and the MHD solution, to the initial condition (i.e. the an-2 The distance r m defines a natural length scale
with Ω m the Keplerian rotation rate at r m , see KK00. The outer region of the disk is at a much larger radius. alytical solution) itself. The quasi-stationary solution does not change much in the final several tens of stellar rotations in our simulations. The magnetic field and the accretion rate of the observed stars are practically constant during such an interval, so that our time-independent analytical solutions are a good representation of the solutions.
Our computational domain reaches into the middle disk region, shown in Fig. 1 , where the resistivity adds to the viscosity as a dissipation mechanism. This could make some of the assumptions from the purely HD disk implausible-we check whether or not this is true with the help of numerical simulations. We find that the magnetic solutions follow the HD solutions in the functional dependence, only the proportionality constants change.
A capture of our HD solution after 100 stellar rotations is shown in Fig. 2 . The poloidal fluid velocity vectors are represented by the arrows, red for the corona, black for the disk, with a different scaling (one unit of arrow length corresponding to velocities in the corona and the disk in the ratio 40:3). In this case, accretion onto the star proceeds through the disk connected to the stellar equator. The mass and angular momentum fluxes onto the star and into the wind during the simulation are shown in Fig. 3 .
The solution in the magnetic case is shown in Fig. 4 . When the stellar dipole field is large enough, an accretion column is formed from the inner disk rim onto the stellar surface near the polar region. The matter is lifted above the disk equatorial plane, following the magnetic field lines. The mass flux onto the star and into the wind is shown in Fig. 5 , together with the angular momentum fluxes, shown in the second panel in the same figure.
To investigate how much the magnetic solutions depart from the HD ones, and from the KK00 analytical solution, we directly compare the density and velocity profiles. Since the KK00 solutions are obtained in the cylindrical coordinates, which are more convenient to plot, we project our results from the simulations in spherical coordinates to the cylindrical coordinates. The results are listed in the Appendix. In all the cases we also show the closest match 3 to the case with B ⋆ = 500 G. We can write the results in our simulations as simple functions with coefficients of proportionality:
3 Our approximate matches are not formal fits, but the simplest functions following the quasi-stationary solution. In most cases when the solution is without oscillations, the match is inside the 10% of the solution. As illustrated in the Appendix, if oscillations are present, the error can be larger.
The momentum in the (cylindrical) radial direction can be written as:
Magnetic field components are proportional to r −3 , as expected for the dipole stellar field, and depend linearly on height above the disk midplane:
In the case of B r , the linear dependence is a consequence of the boundary condition at the disk equatorial plane, where the magnetic field components are reflected, with the change in sign of the component tangential to the boundary. This means that the radial magnetic field component B r → 0 at the equatorial plane, and is slowly increasing above (and below) that plane, in the densest parts of the disk. It is catching-up with more dramatic changes only close to the disk maximal height at the given radius, where it matches the values in the corona above the disk. The vertical dependence of the viscous and resistive dissipative coefficients η and η m in the initial conditions was taken to follow the (z/r) 2 dependence of c 2 s0 from Eq. (6) in the analytical solution in Eq. A19, which can be further written as in Eq. A20. The same dependence is found in the results of our simulations, in both inner and outer parts of the disk:
We assign the proportionality coefficients as k 1 , k 2 , . . . in the cases with a stellar dipole field of 500 G and 1000 G in Table 1 , indicating by the additional subscripts i and o if they are given in the inner (R=6) or outer (R=15) position in the disk 4 . We also assign the corresponding coefficients ζ 1 , ζ 2 , . . . where needed.
In the following, we compare the above matches to solutions obtained in the simulations, with the conditions obtained from the analytical equations in the magnetic case.
COMPARISON OF THE ANALYTICAL AND NUMERICAL SOLUTIONS
We check now if the numerical solutions in the inner and outer disk regions are compatible with the conditions derived from the analytical equations. For the comparison, we use the expressions listed in the Eqs. 7-11. Results for the radial dependence along a line just above the equatorial mid-plane of the disk, and for the vertical dependence along a line at r=15R ⋆ are shown in Figs. 6, 7 To show that the matching function is of the same shape along the disk surface at θ = 83 • as it was along the equatorial line, in the left panel in Fig. 7 is shown the result for the matter density, a similar result is obtained for the other physical quantities.
An example of the matching function along a vertical direction closer to the star than r=15R ⋆ is shown in the right panel in Fig. 7 , with the density along a vertical direction at r=6R ⋆ . Again, the matching function is of the same shape as along a line further from the star, only the proportionality constant is different. For the other physical quantities we obtain a similar result.
How do the obtained expressions compare to the general conditions in § 3 obtained from the analytical equations?
• The numerical solution for the density in the magnetic case has the same dependence as the analytical one in the HD case. Both can be approximated by the same expression, with the difference only in the proportionality constant.
• The same is true for the velocity components, with the difference between the two numerical solutions most visible in the radial dependence in radial and vertical components of the poloidal velocity. The azimuthal velocity component does not change from the initial value since it is not evolved in our two-dimensional axisymmetric simulations.
• The magnetic field components in the disk in the simulations follow the expected 1/r 3 decrease in the dipole field strength with distance from the star.
• In the analytical solution, all three magnetic field components are functions of r alone in the zeroth and first order in ǫ. With the nonvanishing magnetic field in the disk, and its vertical dependence on z, this would lead to the conclusion that B 0 = B 1 =0, and vertical, linear dependence on 4.5 4.5
height above the disk equatorial plane should be related to the higher, second order in ǫ. Such a result satisfies the divB = 0 condition in the second order in ǫ, where we obtain a linear dependence in B z2 = z f (r). In our simulations all the components are proportional to z/r 3 , hinting to a similar analytical solution for B r2 and B ϕ2 , with a linear dependence on z.
NUMERICAL SOLUTIONS WITH DIFFERENT PARAMETERS
What are the changes in our numerical solutions with the variation of the physical parameters like the stellar rotation, magnetic field strength and rotation rate, or the dissipation (viscous or resistive) in the disk? Solutions with smaller stellar rotation rates follow similar trends, as shown inČemeljić (2019).
Solutions with different strengths of the magnetic field are shown in different colors in Figs. 6 and B1-B3 in Appendix. The matching functions differ only in the proportionality coefficients so that Eqs. 7-10 are valid in the cases with different fields. The coefficients in the cases with 500 G and 1000 G are listed in Table 1 .
In the case of a weaker stellar field, 250 G, the geometry of the solution is the same as in the presented case with 500 G, and in the case with 750 G. If the field in our simulation is increased to 1000 G, the magnetic pressure pushes the disk inner rim away, and the accretion column is unstable or even disrupted. The results in the parts of the disk which we consider here are not affected by the change in the geometry at the inner disk rim-the shape of the functions is still the same, only the proportionality coefficients differ, as shown in the table above.
CONCLUSIONS
We use numerical simulations in combination with analytical conditions obtained from the asymptotic approximation, to provide relations describing a thin magnetic accretion disk.
Like in the HD case (Kluźniak & Kita 2000), we perform a Taylor expansion of the equations of motion in the small parameter ǫ, the disk thickness to the radial dimension ratio. In addition to the equations of motion and induction equation, for the first time we add the energy equation into the asymptotic approximation. We obtain the zeroth, the first and the second order terms in ǫ.
In the magnetic case, equations in the disk cannot be solved without knowing the solution in the corona between the disk and the stellar surface. It is because of the connectivity of the magnetic field in the disk to the stellar surface. The solution is further complicated with the magnetic reconnection taking place in the corona. In effect, we can only derive a set of general conditions which should be satisfied for a self-consistent solution of the equations.
From star-disk magnetospheric interaction simulations we obtain the quasi-stationary solutions for a magnetic geometrically thin disk. We write a set of expressions representing the physical variables in the disk. Such expressions are then compared with the general conditions extracted from the asymptotic approximation solution.
• We find the velocity field in the MHD disk to be broadly similar to the HD (numerical and analytical solutions), with the vertical (z) component of velocity enhanced for low values of the stellar magnetic field, and the radial (r) component enhanced for high values of B, while the azimuthal (ϕ) component is insensitive to the stellar magnetic field.
• The density in the disk has the same functional form in the HD and MHD cases, with its value somewhat lower for high values of the stellar magnetic field.
• Numerical solution for the density and velocity components in the magnetic case follows the same dependence as the analytical solution in the HD case. The difference is only in the proportionality coefficients.
• Magnetic field components in the disk follow the z/r 3 dependence, where r −3 is the expected radial decrease for the stellar dipole field. The difference in the solutions with the different magnetic field strengths is only in the proportionality coefficients.
• We find that the results from numerical simulations satisfy the conditions obtained from analytical equations. The expressions matching the numerical solutions in the middle part of the disk are valid in the cases with different stellar magnetic field strengths. Only the coefficients of proportionality change.
• We compared here the analytical solutions with numerical solutions in the cases with stellar rotation equal to 20% of the equatorial mass-shedding ("breakup") velocity. As shown inČemeljić (2019), solutions with smaller stellar rotation rates follow similar trends, so that our conclusions extend to such cases.
Our study here is limited to the values of the free parameters of viscosity and resistivity α v = α m = 1. We leave investigation of the solutions in other cases for a separate study, in particular the case with a smaller viscosity parameter α v < 0.685, which shows a backflow region in the disk close to the disk equatorial plane. We also leave for a separate study the cases with faster rotating stars, as they often exhibit axial jets and conical outflows, changing the geometry of the solutions.
We performed simulations in a quadrant of the merid-ional plane, enforcing the equatorial disk plane as a boundary condition. It remains to check the difference from solutions in the full meridional plane.
APPENDIX A: ASYMPTOTIC APPROXIMATION EQUATIONS FOR A THIN ACCRETION DISK
We illustrate the asymptotic approximation method in detail by deriving all the terms through the second order in the continuity equation. The remaining equations are derived by following the same method. We present second order equations of the set from Section 2. Unlike in the HD case (KK00), in general these cannot be solved without additional assumptions and/or boundary conditions. From the reflection symmetry about the z=0 midplane of the disk it follows that ρ, P, c s , r and ϕ , i.e. Ω are even functions of z under reflections through the equatorial plane, and z is the odd function of z -see KK00. It is assumed that all the terms in the expansion of any quantity are of the same parity. We follow the same assumptions about the reflection symmetry for the hydrodynamic quantities in the magnetic case, but we do not extend the assumption to the magnetic field components.
In the hydrodynamic solution one can assume that the disk density decreases smoothly to zero towards the disk surface, which greatly simplifies the solution. In the magnetic case, the disk solution cannot be given without inclusion of the stellar corona, because of a magnetic connection with the star and a corona above the disk. To obtain a solution for the magnetic field penetrating the disk, we have to include the disk-corona boundary condition, which is unknown. Because of this, we can obtain only the most general conditions for the disk magnetic field from the equations. The information about the magnetic field solution inside the disk we obtain from our numerical simulations.
We will be searching for the stationary solutions, so that the additional conditions are that of stationarity, ∂/∂t = 0, and the axial symmetry ∂/∂ϕ = 0. We work in the cylindrical coordinates (r, z, ϕ). The normalization is defined with the following equations: ǫ =c s /(RΩ) =H/R ≪ 1, so that c s = ǫRΩ, and then c ′ s = c s /c s = c s /(ǫRΩ). Twiddles denote characteristic values of the variables, and primes the scaled variables. Further,
The magnetic field we normalize with the Alfvén speed˜ A =B/ √ 4πρ as a characteristic speed, and ρ ′ = ρ/ρ. Then we have B ′ = B/B = B/(˜ 2 A √ 4πρ), andB is the normalization for all the magnetic field components:
The beta plasma parameter β = P gas /P mag = 8πP gas /B 2 . With P = P gas we can write c 2 s = γP/ρ = γPB 2 /(8π ρ) = γ βB A /2, so that˜ 2 A /c 2 s = 2/(γβ). The viscosity scales with the sound speed as a characteristic velocity and the height of the disk H, so that the normalization for the kinetic viscosity isν v =c sH = ǫ 2R2Ω , and thenη =ρν v =ρǫ 2R2Ω . Then η ′ = η/η = η/(ρǫ 2R2Ω ). For the resistivity we choose the normalization with the Alfvén speed as a characteristic speed, so thatη
In the asymptotic approximation, we write all the variables in the Taylor expansion with the coefficient of expansion ǫ =H/R << 1 (see KK00). For a variable X, we then have X = X 0 + ǫ X 1 + ǫ 2 X 2 + ǫ 3 X 3 + . . . , and we can compare the terms of the same order in ǫ. Omitting primes in the normalized variables, we write the normalized equations of continuity, magnetic field solenoidality (∇ · B = 0), momentum, induction and energy density. For simplicity, in some cases we use the notation ∂ x = ∂/∂ x, and we drop all primes in the following (where all the variables are scaled, so no confusion can arise).
Equation of continuity
We start from the continuity equation:
In the stationary case, when ∂ t ρ = 0, and applying also the axi-symmetry condition ∂ ϕ (ρv) = 0:
We can write the normalized equation, in which the terms can be written in the orders of a small parameter ǫ:
Removing the primes, we can write:
Writing the expansion in ǫ in each quantity, we obtain
From this we can write the term in the order zeroth order in ǫ as:
Since ρ 0 0 is an even function, and z is odd with respect to z, at the disk equatorial plane this product is ρ 0 z0 = 0.
Since it does not depend on z, we conclude that it must be z0 = 0.
Order ǫ 1 :
In the first order in ǫ we have:
As we will see from the first order in ǫ of the radial momentum, eq. (A9), we have r0 = 0, so that here we have ∂ z (ρ 0 z1 ) = 0 ⇒ ρ 0 z1 = const along z. Since z is odd with respect to z, following the same argumentation as above, we conclude that z1 = 0.
Order ǫ 2 :
In the second order in ǫ we have:
The same procedure is carried in each of the following equations.
In the following, we will often find that certain quantities are functions of the radial variable alone. In such cases we will denote a generic radial function as f (r), without implying any particular functional dependence on r, so that the results a = f (r), and b = f (r) do not imply a(r, z) ≡ b(r, z). 
From the first order in ǫ in the azimuthal component of the induction equation we have that B r0 =0, so that B z1 = f (r).
From the later equations we will show that B 0 = f (r) and B 1 = f (r) or 0, together with all their components, so that we can integrate the above equation in z, to obtain
with a linear dependence in the vertical direction. 
Here n is the polytropic index. In the case of adiabatic index γ = 5/3 for an ideal gas, we have n = 3/2.
Order ǫ 0 :
From the vertical symmetry Ω 1 = 0 as shown in KK00, see also Appendix A in Rebusco et al. (2009) for more formal derivation. In the HD case, then, r0 = 0 and if this is maintained in the MHD case, we have ∂ z B r0 = 0 ⇒ B r0 = f (r). Figure B1 . Comparison of the velocity components in the initial set-up (thin solid line) with the quasi-stationary solutions in the numerical simulations in the HD (dot-dashed line) and the MHD (long-dashed line) cases, with Ω = 0.2Ω br . The meaning of the lines is the same as in Fig. 6 . Figure B2 . The radial, vertical and azimuthal components of the magnetic field. The meaning of the lines is the same as in Fig. 6 . Figure B3 . Comparison of the results for the anomalous viscosity (η) and resistivity (η m ) coefficients. In the left panels are shown the radial profiles along the disk equator, and in the right panels the profiles along the vertical line at r=15R ⋆ . The lines have the same meaning as in Fig. 6 . In the resistivity profiles in the bottom panels, all the lines overlap along a part of the profile.
